Abstract. Given a root system, the Weyl chambers in the co-weight lattice give rise to a real toric variety, called the real toric variety associated to the Weyl chambers. We compute the integral cohomology groups of real toric varieties associated to the Weyl chambers of type Cn and Dn, completing the computation for all classical types.
Introduction
For a root system of rank n, its Weyl chambers with the co-weight lattice give rise to an ndimensional non-singular complete fan. By the fundamental theorem of toric geometry, the fan corresponds to a smooth compact toric variety, which is called the toric variety associated to the Weyl chambers. The real locus of the toric variety forms a real variety called the real toric variety associated to the Weyl chambers. For each irreducible root system of type R, we denote the associated toric variety by X R and the real toric variety by X R R . In this paper, we are interested in the topology of X R R . In general, since a real toric variety X R is the fixed point set of the involution in a toric variety X, the rth mod 2-cohomology group of X R is isomorphic to the 2rth mod 2-cohomology group of X, which is completely determined by the number of cones of the corresponding fan. Therefore, the mod 2-Betti numbers of X R R have been known as corollaries of study of X R such as [9, 12, 6] and [1] . However, not so much is known about their rational and integral cohomology groups. Here, we review the known results in this direction. For the classical types of A n and B n , the rth Q-Betti numbers of X R An and X R Bn are computed in [7, 4] : b n x n n! = 1 cos x − sin x . Remark that a n is known as the nth
Euler zigzag number (see A000111 of [11] ), and b n is known as the nth generalized Euler number or The second named author was partially supported by KAKENHI, Grant-in-Aid for Young Scientists (B) 26800043.
Springer number (see A001586 of [11] ). See Table 1 . (We set a k = b k = n k = 0 for a negative integer k < 0 as a convention.) n 0 1 2 3 4 5 6 7 8 9 · · · a n 1 1 1 2 5 16  61  272  1385  7936 · · · b n 1 1 3 11 57 361 2763 24611 250737 2873041 · · · Table 1 . The list of a n and b n for small n For the exceptional types of R = G 2 , F 4 , and E 6 , the non-zero Q-Betti numbers of X R R have been computed in [3] . See Table 2 . It should be noted that the real toric varieties in the above cases have only 2-torsion in the cohomology groups. Hence, by the universal coefficient theorem, one can compute their integral cohomology groups.
In this paper, we compute the rational Betti number of real toric varieties associated to the Weyl chambers of classical type C and D. Furthermore, we show that they have only 2-torsion in the cohomology group. By the universal coefficient theorem, our results completely determine the integral cohomology groups of X R Cn and X R Dn , thus completing the computation of the integral cohomology groups of the real toric varieties associated to the Weyl chambers of all classical types. Theorem 1.1. Let s m = 2 m − 1 and t m = (m − 2)2 m−1 + 1. The rth Q-Betti numbers of X R Cn (n ≥ 3) and X R Dn (n ≥ 4) are as follows.
, and
where a k = b k = n k = 0 for a negative integer k < 0. Furthermore, X R Cn and X R Dn have only 2-torsion in the cohomology groups. Tables 3 and 4 are the lists of non-zero Q-Betti numbers of X R Cn and X R Dn for n ≤ 11. The Euler characteristic of X is denote by χ(X). . Let X be a smooth compact toric variety and X R its real toric variety. By the fundamental theorem of toric geometry, X is assigned by a non-singular complete fan Σ. Assume that Σ has m rays, and we put [m] = {1, 2, . . . , m} the set of rays of Σ. We obtain a (star-shaped) simplicial complex K on [m], whose simplices correspond to the sets of rays spanning cones of Σ. In addition, the primitive integral vectors of the rays define a map λ from [m] to Z n ; λ(v) is the direction of the ray v ∈ [m]. Note that Σ is completely determined by a pair of K and λ, and, therefore, so is X.
Similarly, the real toric variety X R is also determined by a pair of K and the composition λ R :
where Z 2 is the field with two elements. Throughout the paper, we identify the power set 2 [m] of [m] with Z m 2 in the following way: for S ⊂ [m], the corresponding element S ∈ Z m 2 is i∈S e i , where e i is the ith standard vector of Z m 2 . Then, we may regard λ R as the linear map Λ : Z m 2 → Z n 2 , which is called the characteristic matrix of X R . We make note of the fact that X R does not depend on the choice of a basis of Z n 2 . Therefore, topological invariants of X R should be computed in terms of K and Λ. Our method in this paper is based on the following cohomology formulae of real toric varieties. 
where Row(Λ) is the subspace of Z m 2 spanned by the rows of Λ, and K S is the induced subcomplex of K on the vertices indicated by S ∈ 2 [m] = Z m 2 . In the rest of this section, we review the construction of the non-singular complete fan associated to Weyl chambers (see, for example, [12] ). Let V be a finite dimensional real Euclidean space, and Φ R ⊂ V an irreducible root system of type R. Take a fixed set of simple roots ∆ R = {α 1 , . . . , α n } ⊂ Φ R . Let Ω = {ω 1 , . . . , ω n } be the set of fundamental co-weights, that is, (ω i , α j ) = δ ij with respect to the inner product in the ambient space V . Then, we can assume V = R Ω . Consider the co-weight lattice Z Ω = {v ∈ V | (v, α) ∈ Z for any α ∈ Φ R }. Denote by W R = s 1 , . . . , s n the Weyl group generated by the simple reflections acting on V . Then, W R decomposes V into several chambers, giving a nonsingular complete fan in R Ω with the lattice structure Z Ω ⊂ R Ω . Let V R = W R ·Ω = {v 1 , . . . , v m } be the set of rays spanning the chambers, and K R ⊂ 2 V R the corresponding simplicial complex called the Coxeter complex of type R [8, §1.15], whose maximal simplices are the chambers. Then the corresponding characteristic matrix is obtained as Λ R = (v 1 , v 2 , . . . , v m ), where the columns are the mod 2 coordinates of the rays with respect to any basis of Z Ω . Observe that the maximal cones in the fan correspond to sets of simple roots; for each set of simple roots ∆ in Φ R the corresponding cone is C ∆ = {v ∈ V | (v, α) > 0 for any α ∈ ∆}. This observation is useful to compute K R and Λ R explicitly.
We fix some notations which are used later;
• For I ⊂ [±n], I ± = I + ∪ I − . We also recall the following facts for the proof of the main theorem. Lemma 2.2 (Section 3 of [14] ). The cohomology groups of C odd 2r and B odd 2r are
where C odd 2r is the poset complex of the odd rank-selected lattice of faces of the cross-polytope over 2r points, and B odd 2r is the poset complex of the odd rank-selected Boolean algebra on 2r points.
Type C n
In this section, since Φ Cn = Φ Bn for n ≤ 2, we assume that n ≥ 3. The root system Φ Cn of type C n consists of 2n 2 roots
where ε i is the ith standard vector of R n = V . Then, the co-weight lattice Z Ω is
Choose a basis
Any set of simple roots of type C n is written as
where µ j = ±1 and σ : [n] → [n] is a permutation. Note that every line containing a ray in V Cn is the intersection of n − 1 hyperplanes normal to ∆ \ {α} for α ∈ ∆, and the direction of the ray is determined by α. For α ∈ ∆, there exists a unique primitive integral vector β α,∆ ∈ Z Ω such that
. . , n − 1 and α µ,σn := 2µ n ε σ(n) . We label the ray corresponding to β α,∆ by the subset I = {µ 1 σ(1), . . . , µ i σ(i)} of [±n] . We note that the label subset I satisfies
Conversely, for each I ⊂ [±n] satisfying (1), one can find α and ∆ such that α ∈ ∆ and β α,∆ = β I := k∈I sign(k)ε |k| . Therefore, we have an identification of V Cn as
Under this identification, a maximal cone C ∆ corresponds to a sequence of nested sets I 1 · · · I n−1 I n . Now, let us consider the characteristic map λ Cn . For a vertex I ∈ V Cn , λ Cn (I) is the primitive vector in Z Ω in the direction of β I . If neither n nor −n is contained in I,
Otherwise,
Since
if |I| ≤ n − 1 and n ∈ I ± ; e n + k∈I − e k , if |I| = n and n ∈ I;
where e i is the ith standard vector of Z n 2 . Let Λ Cn be the characteristic matrix of X R Cn determined by λ R Cn , that is, Λ Cn is an n × (3 n − 1) matrix with elements in Z 2 whose columns are indexed by I ∈ V Cn . Its column indexed by I is denoted by λ R Cn (I). In order to apply Theorem 2.1 to compute the cohomology of X R Cn , we consider (K Cn ) S for all S ∈ Row(Λ Cn ). For this, it is convenient to identify Row(Λ Cn ) with the power set of [n] in the following way; we associate to {i 1 , . . . , i r } ⊂ [n] the sum of i 1 , . . . , i r th rows of Λ Cn . We note the rows of Λ Cn are symmetric except for the nth row, hence we deal with the case for n ∈ S and n ∈ S separately.
For each S ⊂ [n], the vertex set V (S) of (K Cn ) S is separated into two parts V 1 (S) = {I ∈ V (S) | |I| < n} and V 2 (S) = {I ∈ V (S) | |I| = n}. More precisely,
| is odd and |I| < n , and V 2 (S) is as follows.
• When |S| is odd and n ∈ S, V 2 (S) = {I ∈ V Cn | |I − ∩ (S ∪ {n})| is odd and |I| = n} .
• When |S| is even and n ∈ S, V 2 (S) = {I ∈ V Cn | |I − ∩ S| is odd and |I| = n} .
• When |S| is odd and n ∈ S, V 2 (S) = {I ∈ V Cn | |I − ∩ S| is even and |I| = n} .
• When |S| is even and n ∈ S, V 2 (S) = {I ∈ V Cn | |I − ∩ (S \ {n})| is even and |I| = n} . Moreover, (K Cn ) S can be regarded as the poset complex of the poset on V (S) = V 1 (S)∪ V 2 (S) ordered by inclusion. Proposition 3.1. We have
Proof. The former statement is obvious from the definition. Note that, by (2), λ R Cn (I) has the e n -term if and only if I has n elements. Therefore, (K Cn ) {n} consists of 2 n distinct points, which proves the latter statement.
Proof. Put T = S ∪ {n}. We will construct an explicit isomorphism between (K Cn ) S and (K Cn ) T . For each I ∈ V Cn and each x ∈ [n], let I −x be the set obtained from I by reversing the sign of the elements in I ∩ {x, −x}, that is, We show it restricts to a bijection from V (S) to V (T ), which proves the assertion. For this, it is sufficient to show that ϕ(I) ∈ V (T ) for each I ∈ V (S). We observe that |I| = |ϕ(I)| and ϕ(I) ± = I ± . Therefore, if I ∈ V 1 (S), then ϕ(I) ∈ V 1 (T ). Suppose that |I| = n and n ∈ I. Then |I − ∩ S| is odd. If |S| is odd, then −n ∈ ϕ(I) and |I + ∩ S| is even, and therefore, so is |ϕ(I) + ∩ S| since ϕ(I) + = I + . If |S| is even, then n ∈ ϕ(I) and |I − ∩ S| is odd, and therefore, |ϕ(I) − ∩ S| differs from |I − ∩ S| by 1, so it is even. The case where |I| = n and −n ∈ I is similar. Thus, for I ∈ V 2 (S), ϕ(I) is in V 2 (T ).
Lemma 3.3. Let n ≥ 3. For any subset S ⊂ [n − 1] of odd cardinality and for any a
Proof. Put T = S ∪ {a}, and |S| = 2r − 1 with r ≥ 1. For I ∈ V Cn , we let ψ(I) be the subset of [±n] obtained from I by switching ±a with ±n. It is easy to see that ψ defines an involution of K Cn . Furthermore, one can check that ψ maps V (S) to V (T ), inducing an isomorphism between (K Cn ) S and (K Cn ) T .
By Lemma 3.2, we may assume n ∈ S. Also by Lemma 3.3, we see (K Cn ) S depends only on ⌊
|S|+1
2 ⌋ when n ∈ S. From now on, we assume that S = {1, 2, . . . , 2r − 1} with r ≥ 1 and 2r − 1 < n. We invoke the famous "Quillen's Theorem A" to find a simpler complex which is homotopy equivalent to
In what follows, we do not distinguish a poset from its order complex by abuse of notation. Let K r Cn be a poset on U ∪ W ordered by inclusion, where U = {I ∈ V 1 (S) | I ± ⊂ S ∪ {n}} and W = V 2 (S). Note that K r Cn is a subposet of (K Cn ) S .
Theorem 3.4 (Proposition 1.6 of [10] ). Let X be a subposet of a poset Y . If X ≤y is contractible for all y ∈ Y , then the inclusion X ⊂ Y is a homotopy equivalence.
Lemma 3.5. We have a homotopy equivalence (K Cn ) S ≃ K r Cn .
Proof. By Theorem 3.4, we only have to check that (K r Cn ) ≤I is contractible for each vertex I of (K Cn ) S . If |I| = n, then (K r Cn ) ≤I is a cone whose apex is I. For |I| < n, let J be the maximum subset of I satisfying J ± ⊂ (S ∪ {n}). Then, J is the unique maximum of (K r Cn ) ≤I , and (K r Cn ) ≤I is a cone whose apex is I.
Now we investigate the cohomology of K r
Cn . For simplicity, we just put K = K r Cn . Observe that K U ∼ = C odd 2r . In particular, by Lemma 2.2,
Since K is obtained by attaching r-dimensional simplices to K U , H * (K) ∼ = H * (K U ) ∼ = 0 for * < r − 1 and for * > r. We compute H r (K) and H r−1 (K) in the following. Let L = {J = (±1, ±2, . . . , ±(2r − 1), ±n) | |J − | is odd }. Then, |L| = 2 2r−1 . For J ∈ L, we see K <J ≃ B odd 2r and K >J is 2 n−2r points. Therefore, for V J = {I ∈ V | I ⊂ J or I ⊃ J}, we have
where X ⋆ Y denotes the join of two topological space X and Y , and by Lemma 2.2,
Observe that K = J∈L K V J . Since |J ∩ J ′ | ≤ 2r − 2 for any two distinct elements J and J ′ of L, the dimension of K V J ∩ J ′ ∈L\{J} K V J ′ is less than r − 1. By the Mayer-Vietoris sequence, we have
We now show inductively on the cardinality of L ′ ⊂ L that
The case when |L ′ | = 0 follows from (3). The cases when |L ′ | > 0 are proved by the Mayer-Vietoris sequence
where
The first isomorphism follows from the fact that dim(K U ) = r − 1 and the previous computation. We conclude that, by Lemma 3.5,
Combining this with Proposition 3.1 and Theorem 2.1, we obtain the type C n part of Theorem 1.1.
Type D n
The (real) toric variety associated to the Weyl chamber of type D n can be obtained similarly to the Type C n case. Since Φ Dn = Φ An for n ≤ 3, we consider the case when n ≥ 4. The root system Φ Dn of type D n consists of 2n(n − 1) roots
where ε i is the ith standard vector of R n = V . Then, the co-weight lattice Z Ω is Λ = 1 2 (ℓ 1 ε 1 + · · · + ℓ n ε n ) | ℓ i ∈ Z, and ℓ i ≡ ℓ j (mod 2) for all i, j .
Choose a basis {ǫ i | 1 ≤ i ≤ n} of Z Ω defined by ǫ i := ε i for i = 1, . . . , n − 1 and ǫ n := 1 2 (ε 1 + · · · + ε n ). Any set of simple roots of type D n is written as
. . , n − 1 and α µ,σ n := µ n−1 ε σ(n−1) + µ n ε σ(n) . For α ∈ ∆, there exists a unique primitive integral vector β α,∆ such that (β α,∆ , α ′ ) = 0 for all α ′ ∈ ∆ \ {α} and (β α,∆ , α) > 0. We label the ray corresponding to β α,∆ by the subset I of [±n] satisfying (1) as we did for the case of type C n . Then, we have
Conversely, for each I ⊂ [±n] satisfying both (1) and |I| = n − 1, one can find α and ∆ such that α ∈ ∆ and β α,∆ = β I . Therefore, we have an identification of V Dn as
Under this identification, a maximal cone C ∆ corresponds to n such subsets I 1 · · · I n−2 I n−1 ∩I n . This gives the complete combinatorial structure of K Dn .
We note that V Dn ⊂ V Cn . By similar computation to the case of Type C n , one can see that the characteristic map λ Dn is given exactly same as (2) , that is, λ Dn (I) = λ Cn (I) for I ∈ V Dn ⊂ V Cn . Hence, the characteristic matrix Λ Dn is an n × (3 n − 1 − n · 2 n−1 ) matrix with elements in Z 2 obtained from Λ Cn by restricting columns to those corresponding to V Dn .
From now on, let us consider the topology of X R Dn for n ≥ 4. We identify again Row(Λ Dn ) with the power set of [n] as we did in the case of Type C n . In order to compute the cohomology of X R Dn it is enough to consider (K Dn ) S for all S ⊂ [n] by Theorem 2.1. We note the rows of Λ Dn are symmetric except for the nth row, hence we deal with the case for n ∈ S and n ∈ S separately.
For m ≥ 0, put t m = (m − 2)2 m−1 + 1.
Proof. Since the former statement is obvious from the definition, let us prove the latter one. Note that
Recall that I 1 and I 2 in W are connected if and only if |I 1 ∩ I 2 | = n − 1. Hence, each vertex has n edges, and there is no 2-face in K W . Therefore, K W is homotopy equivalent to tn S 1 as desired.
By the same argument as in Lemmas 3.2 and 3.3, we have the following two lemmas. 
By Lemmas 4.2 and 4.3, we may assume that S = {1, 2, . . . , 2r − 1} with r ≥ 1 and 2r − 1 < n. We note that each maximal simplex of (K Dn ) S contains exactly one pair of elements I 1 and I 2 such that |I 1 ∩ I 2 | = n − 1. Let V (S) be the vertex set of (K Dn ) S , and V ′ = {J ∈ [±n] | J = I 1 ∩ I 2 for some I 1 , I 2 ∈ V (S), and |J| = n − 1}. Similarly to Lemma 3.5, we have the following lemma.
Lemma 4.4. We have a homotopy equivalence (K Dn ) S ≃ K r Dn , where K r Dn is the poset on U ∪ W ∪ V ′ ordered by inclusion, where U = {I ∈ V (S) | I ± ⊂ S ∪ {n} and |I| < n − 1}, and W = {I ∈ V (S) | |I| = n}.
Proof. We adjoin new vertices labelled with I 1 ∩ I 2 on the edge between I 1 and I 2 , then take the subdivision of the simplex. Then, (K Dn ) S is homeomorphic to the poset complex of the vertex set V (S) ∪ V ′ , where the poset structure is given by the inclusion of vertex labels. Then, this poset complex is indeed homotopy equivalent to K r Dn by Theorem 3.4. Now we investigate the cohomology of K r Dn . We put K = K r Dn for simplicity. We first consider the case when n = 2r and 2r + 1, where t n−2r = 0. In this case, K is exactly same as in the type C n case. Thus, we have H * (K) ∼ = Z b 2r −2 2r−1 a 2r ( * = r − 1) 0 (otherwise).
Now we proceed to the case when n > 2r + 1. One can see K U ≃ C odd 2r . Since K is obtained by attaching r + 1-dimensional simplices to K U , by Lemma 2.2 we have H * (K) ∼ = H * (K U ) ∼ = 0 for * < r − 1 and for * > r + 1. Let L = {J = (±1, ±2, . . . , ±(2r − 1), ±n) | |J − | is odd }. Then, |L| = 2 2r−1 . For J ∈ L, we see K <J ≃ B odd 2r . Therefore, for V J = {I ∈ V | I ⊂ J or I ⊃ J}, we have K V J ≃ K <J ⋆K >J ≃ B odd 2r ⋆K >J for J ∈ L, and K = J∈L K V J . Furthermore, K >J has (n−2r)2 n−1−2r vertices in V ′ and 2 n−2r vertices in W . Since each vertex in V ′ is adjacent to exactly two edges, the first Betti number of K >J is 2(n − 2r)2 n−1−2r − ((n − 2r)2 n−1−2r + 2 n−2r ) + 1 = t n−2r . In summary, we have K >J ≃ t n−2r S 1 and H * (K V J ) ∼ = Z t n−2r a 2r ( * = r + 1) 0 (otherwise).
We now show inductively on the cardinality of L ′ ⊂ L that 
